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When you save mo.rev in a bank, you are paid a yearly interest.
Suppose the ba. k cfrers you an annual rate of 1% compound
interest ard y'cu put $500 into a saving account for a total of
10 years Tk ecact amount in your account after 10 years is
$500 x 1.0'1°, How would you get an approximate answer
wi*l~out *ae use of a calculator?

At the end of this chapter, you will learn how to:

« use the Binomial Theorem for expansion of (a + b)",
for positive integer n

- use the general term (") a""b, 0 < r < n




1 Expand a(b + ¢) and (a + b)

2 Simplify (™).
............................................................................................................... «\k,&
3 State (?) %?‘

s

a’> + 2ab + b*has

three terms: a2 2ab - . )
and b?. T Consider the i

The coefficients of @ The expressi

2 2
a?and b? are both 1 connecte

wees (@) 12.1Binomial Expa‘%/@

(a+ b)*=a?+ 2ab + b
b) contains two terms, a and b,

”sign.
because a’ = 1a?and 319
b? = 1b2 Ane ‘@ on containing the sum of two terms is called
The coefficient of ab i al.

a
is 2. @
Ai k Is the expression (a — b) a binomial? Why?

C) n What are two other examples of a binomial?

of binomials, for example, (a + b)’, (a + b)* (a + b)” and (a + b)™°.

V\/ In this section, we will learn to expand the cube and higher powers

When we expand (a + b)", where n is a non-negative integer, we

6% are multiplying the products of n binomials into a sum of terms.

This expansion is known as a binomial expansion.
Let us now explore how we can expand (a + b)?, (a + b)*and

&s (a + by
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oy
“§ Discover
In this activity, you will learn to @

* expand (a+b)" = make five * use the five * use Pascal’s
forn=3,4 observations observations Triangle to
and 5. about the to write the expand

expansions. expansion of (a+b)-
(a+b). %

1(a) Expand (a + b)’. . ?
(a+b)y =(a+b)(a+b)y O
=(a+b)(a®+ 2ab + b \ ‘> TAKE NOTE
& Distributive Law

=a(a®>+ 2ab + b*) + b (a®> + 2ab + b?)
= V The expansion of
=a’+3a*b + ab? + b3 O (a + b)YisaY + bY.
0 If Y=(a+ 1), then
(b) Expand (a + b)~. O (a+b)a+1)
(a+b)=(@(@+b)yla+b)( + ) % =ala+1)+bla+1)
=(a+b)( ) I%se th€expansion of (a + b)*above. R

= (a+b)a+c+1)
= \ =ala+c+1)+
=a*+4a’b+ a2b2+® b* bla+c+1)

% hod do you prefer? Why?

(c) Expand (a #b)° Show clearly how you did it.

@/
&
é\\%

\ A
§S ‘ Ho n&(pand (a + b)*using (a + b)? instead?
W

B
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(d) Using the answers from (a) to (c), complete the table below.

Binomial n Expansion in Number of terms Coefficient of the
Expression descending powers of a | in the expansion 2nd term
a+b 2

@+b) 1 1 vs
(a + b)y? 2 a?+ 2ab + b? 3 - (9
(@+bF 3 e

(a + b)* 4 O

(@+bp 5 'Q\
2 Examine the coefficient of the terms in gebqgolumn of the table above. The

\
INTERESTING " coefficients of the terms for each b@ pansion can be listed as follows:
0

FACT
Pascal’s Triangle is
a triangular array . \
of numbers named Coefficients of the terms i (

after the French n the expansio% The array of numbers forms
mathematician P the Pascal’s Triangle.

and philosopher, (@) What are the first and

Blaise Pascal of the 0 \: ‘ )
17th century. Other last numbers in each row
& 1

mathematicians from of coefficients?

India and China had .
studied the Pascals '\ (b) How can you obtain the
Triangle centuries 2 2 1 numbers in each row
before Pascal. from the numbers in the
There are many 3 ?‘ 1 3 3 1 previous row?

interesting patterns .

within the Pascal’s 4 C) 1 4 6 4 1 (c) How can you find the
perfect squares in the
V 1 5 10 10 5 1 Pascal’s Triangle?

Triangle. Here are
some examples.

« Counting numbers \/

1,2,3,4,5,...) -
- Triangular numbers

(1,3,6,10,15
- Perfect squa (

(4,9, 16@

4 Binomial Theorem
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Key Results Q/

Look at the table in (d) on the previous page.

Make five observations about the expansion of (a + b). §

*  Thereare terms in the expansion ?\
* The power of a starts with n and decreases to . %
The power of b starts with and increases to n.
* The coefficient of the 2nd term is always . é
* The coefficients of the terms are O
*  The sum of the powers of aand b in each term is always . &

o ?\
o Think What is the expansion of (@ + b)*if n =07

In the Pascal's Triangle, O
* each row starts and ends with

¢ theremaining numbers in each row can be obtalzed the previous row by

together the numbers in th ?

The expansion of where n is a non-negative integer,
can be generali ;
a®V b +c,a™? b +...+ ¢y abV+ c, b

¢
where ;..c? Cnay Cn are the coefficients of the
m

respective .

row which are closest to it.

&

The ex ansion is the sum of (n + 1) terms, in ascending

&
@?‘

Binomial Theorem
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— You can now apply the observations in Key Results to expand
@9 (a + b)"for non-negative integer n.

&

Worked Example 1 @Q\/

(Expand binomial with sum of two variables using Pascal’s Triangle)

ot (@) Using the Pascal's Triangle, write the coefficients of the terms in th( Ej?\
gm expansion of (a + b)".
(a) Write down (b) Expand (a + b)’. Ys;

the line of \)

coefficients of (@) Using the coefficients of the terms for (a + b)’: 1 10 5 1
the termsin J }0/\5/\ /N
the expansion The coefficients of the terms for (a + b)° are: 1 vﬁ 1 6 1
of (a + b)".

(b) Expand (a + b)". Q
(b) Since the number of terms in the expansio a+ b)ris (n + 1), there are

seven terms in the expansion of (a ,

Step 1 The 1st term is 1(a®).
The coefficient o

'Q\d term is 6.
@n nt is a’h because the power of a is 1 less than the

wer of b is 1 more.

The variable
1st term an

1e powers of a and b is 6.

d'term is 6a°b.

e goefficient of the 3rd term is 15.

So, the 3rd term is 15a*b2.

The coefficient of the 4th term is 20.
The variable component is a* b*.
So, the 4th term is 20a3 b3.

%Q Step 5 The 5th and 6th terms can be worked out in a similar manner.

Since there are seven terms in this expansion, the 4th term is the
middle term.

By symmetry, the 5th term has the same coefficient as the 3rd term.
Similarly, the 2nd and 6th terms have the same coefficient.

Therefore, the 5th term is 15a2b* and the 6th term is 6ab>.

The 7th term is 1(b°).

Hence, putting all the terms together, we have
(a + b). = a® + 6a°b + 15a*b? + 20a°b® + 15a%b* + 6ab’ + b°.

Binomial Theorem
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Worked Example 2

(Expand binomial with difference of two variables using Pascal’s Triangle) @
Expand (a — b)S. \/

Rewrite (a — b) as (a + (=b))". @E
From Worked Example 1, ?\

(a + b)Y = as+ 6ash + 15a*b? + 20a°b* + 15a%b* + 6ab’ + bS %

Replacing b in the expansion with —b, we get

(a + (=b))°* = a®+ 6a°(—b) + 15a*(—b)* + 20a(—b)? + 15a*(—b)* + 6a(—b)* +

Therefore, &
(a — b)e = a’— 6a’h + 15a*b*> — 20a’b* + 15a2b* — 6ab’® + bS O

ot 0 ‘ ’ TAKE NOTE
§%‘ (a) Compare the two expansionsg ®and (a — b)°.
What remains the same? What.i§ different? |(t_i§)2 B3
(b) Can How can you expan — b)® without using (=) x (=) =y~

the expansion of (a =P= (=) X (=) X (=)

==

Q‘)‘ \

s m 4 )
Using the expansion of (a + b}’ esause and Try 1, expand (a — b)".

N

B
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Worked Example 3
(Expand binomial with sum of a variable and an integer using Pascal’s Triangle) @

Expand (a + 2)°.

The coefficients of the six terms in the expansion of (a + by’ are 1, 5, 10, 10, 5@

Voad
Step 1 There are six terms in the expansion. (O

The 1st term is 1(a®). A
The variable component of the 2nd term is (a*)(2) e power of a

is 1 less than the 1st term and the power of 2&\

TAKE NOTE ( ,

The terms in the
expansion of (a + 2)°
are in descending

powers of a. Its coefficient is 5.

So, the 2nd term is 5(a*)(2), which simgme a’,

The variable component of the 3rd &s}'ﬁ)(zz).
Its coefficient is 10.

So, the 3rd term is 10(a3)( 2@03)(4) = 40a’.

The 4th and 5th terms ¢ orked out in a similar manner.
The 4th term is 10(a*)(23) = 80a2

The 5th term i +)=80a.
Step 5 The 6th ) = 32.
Hence, (a +® 0a* + 40a® + 80a? + 80a + 32.

o

R

\E})and (@+3)
gl
*,
Q.

@‘?‘
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Worked Example 4 (@) merore
(Expand the product of a binomial and a higher power of another binomial using (—=2k)*is not —2k>. Itis also
Pascal’s Triangle) not —4k>.

Itis (—2k) x
(@) Write down, in ascending powers of k, the expansion of (1 — 2k)*. (=2ky=(

(=2k)
(b) Find, in ascending powers of k, the first three terms in the expansion of

1+ k@A = 2k)~ ?‘

(@) The coefficients of the five terms in the expansion of (a + b)*are 1, 4, 6, 4, 1. 'P ‘) TAKE NOTE

The terms in the
S0, (1 — 2k)* = 1(1)* + 4(1)'(— 2k) + 6(1)2(— 2Kk)? + 4(1)(— 2k)' + 1(— 2k)". O expansion of
— 1(1) + 4(1)(= 2k) + 6()@K?) + 4(1)(= 8K°) + 116k*) & scending cowersof k.

=1 — 8k + 24k? — 32k + 16k* ?s

(b) (1 + k)1 — 2k)* = (1+k)(1 — 8k + 24Kk* — 32k + 16k*)

= (1)(1) + (1)( —8k) + (1)(24k?) + (k)( 8Kk) +... () TAKE NOTE
=1—8k+24k + k—8k +... In the expansion, the
=1—7k+16k% +... term with the lowest

power of k is obtained

by multiplying the

constant terms

because the power of k
is 0. Therefore, the first
three terms in

the expansion of
1+ k)1 —2k)%in

(b) Find, in ascending powers t ascending powers of k,
2—=d)( +3d)*. are up to k2.

To obtain the constant
. ?‘ term and the terms in
k and k?, we multiply
1in (1 + k) with the
first three terms in the
V expansion of (1 — 2k)*
and multiply k with the

@?V first two terms.

(@) Write down, in ascending pow

Binomial Theorem
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\ 3
Q‘)
sm

Using your answers
in Pause and Try 4,
find the coefficient of
d? in the expansion
of (1 +d)(1+ 3d)*

TAKE NOTE ( ’

To determine the term
in k3 in the expansion
of the product, we
multiply 1 with —32k3
and 2k with 24k2.

t
Q"
:sm

Find, in ascending
powers of x, the first
three terms in the
expansion of (1 + x)°.
Then use the
expansion to find the
value of (1.02)°.

TAKE NOTE ( )

The coefficients of the
first three terms in the
expansion of (a + b)’
arel, 7, 21, ...

Comparlng (O 9
with (1 —
1- ZxW|t

solve fg X.
at'is, 2x=0.98
2x = 0.02

x = 0.01

\/

TAKE NOTE

Worked Example 5

(Find the coefficient of a term in the expansion of the product of a binomial and a higher
power of another binomial)

&

Using the answers in Worked Example 4, find the coefficient of k? in the expansi QV

of (1 + 2k)(1 — 2k)*.

&
C}"

O
S

(@) Find, in ascending powers,o he first three terms in the expansion of
(1 = 2x). Then use th ion to find the value of (0.98)".

(14 2k)(1 —2k)y* =1+ 2k)(Q — 8k + 24k> —
(D)(—=32k%) + (2k)(24k?)

= —32k* + 48k3

= 16k*

323 + 16k*)
Termin k* =

Hence, the coefficient of k3 is 16.

Worked Example 6

(Estimate powers of a real number)

(b) Find the value o

(c) Compare th% of (0.98)” obtained in (a) and (b). To how many
e

deC|ma s the approximated value in (a) corrected to?

(aé)?&«y

To estimate (0.98)7 using (1 — 2x)?, choose x = 0.01.

sing a calculator.

@7+ 7(1)° (—2x) + 21(1)°( —2x)*+
1—14x + 84x> +

Substituting x = 0.011 into the first three terms in the expansion of (1 — 2x)’,

(0.98)” =1 — 14(0.01) + 84(0.01)%+...
= 0.8684

(b) Using a calculator, (0.98)” = 0.868 125 533

(c) The approximated value is corrected to 3 decimal places.

Binomial Theorem
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Exercise 12.1

1. Expand each of the following. <% Basic Level @
(@ (c+2¢ (b) A—hF () G+pF (d) (m—3) Q\/

2. Find, in descending powers of x, the expansion of each of the following. @
(@ (2x+3)7 (b) 32 —-1* (0 G—-2° (d (Bx+ %)5 ?\

3. Find, in ascending powers of y, the expansion of each of the following. ;
N

@ G-yF (b Q+2F © @+ (d a-p) O’Q

4. The row of coefficients in the expansion of (a + b)"is &
[ iate Level
1,a,55 b, 330, c, 462, d, 165, ¢, f, 1 ‘f ntermediate Leve

Find the values of a, b, ¢, d, e, fand n. Explain clearly how you obta@E

each value. 0
5. Expand each of the following. %O

(@) (a+3by (b) (c—:y

6. Find the first four terms in the expansion of .
Hence, deduce the first four terms in th k ion of each of the following.
(@ (2-3yy 6

(b) (2+ 3y

7. (a) Expand (2 — p)°. &

(b) Find, in ascendin s of p, the first three terms in the expansion of
Q+p2- p)6< )
(c) Find the coeffic of p? in the expansion of (1 — %)(2 — D)’

8. Find theffi M terms of the expansion of (1 — 3x)° in ascending powers of x.
(@ |1 expansion in (a) were to be used to approximate the value of (0.97)¢,
hat would be a suitable value of x to take?

2 y substituting the value of x obtained in (b) into the expansion in (a),

find an approximate value of (0.97)°.

<ﬁ Further Exercise 12.1 o’

Binomial Theorem
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Put a tick if you are able to do the following tasks.

Use Pascal’s Triangle for expansion of (a + b)?, | 1. Write out the coefficients of the terms in
for positive integer n. the expansion of (a + b)", for n up to 10, usin
Pascal’s Triangle.

2. Expand (a + b)" using Pascal sTnabQ

Use the Binomial Theorem for expansion of 1. Staten!l=nxMm—-1)x (tl\ X3Xx2x1

(a + b)r, for positive integer n. for any positive integF_n.

2. State —Vﬂhere n is a non-negative
|nteger an egersuchthat0 <r<n.

Slieie

3. Recogw observations about the

ex| f (a+b)"

W There are n + 1 terms in the expansion.

ii) The power of a starts with nand
\ decreases to 0.
< > The power of b starts with 0 and
% increases to n.

(i) The coefficient of the 2nd term is
Q always n.
(iv) The coefficients of the terms

Q?~ are symmetrical.

(v) The sum of the powers of a and b in
each term is always n.

(a+b)y= (") a + (rll) a"'b + (n) a"-*b?

Gﬁ)% +(3) @b () arr bt

+ () abr + () br
Q - where n is a non-negative integer and r is an

integer suchthat0 <r<n

V\/ 4. Apply the following:

Ve,
@ Find the general term in the expansion of Apply the (¥ + 1)th term, denoted by

(a+ Dby To= (%) 0t

Binomial Theorem
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&

1. After John had expanded (a + 1)° into a sum of terms, he made three observations. State whether
each of his observations is true or false. If his observation is false, provide the correct answer. Q

(@) There are 6 terms in the sum.
(b) The coefficients of the terms are 1, 6, 15, 15, 6, 1. ?‘
() 6aand 6a’ are two terms in the sum. %

“%ther each

2. Susan made the following two observations about the expansion of (¢ — 2)°. '
of her observations is true or false. If her observation is false, provide the cofrect answer.

(@) The2nd term in the expansion is —9c. «\

(b) The 5th term in the expansion is (2)‘34 (=2). ?‘

3. The row of coefficients in the expansion of (a + b)7is 1, 7, 21, Qﬁ, 7, 1. Using Pascal’s Triangle,
write down the row of coefficients in the expansion of eaf f the following.

(@) (a+b)

(b) (a+by Q/

4, The expansion of (2 + 3x)° using the Bina } eorem is shown below.
Fill in the boxes and then simplify the t %

@+3p=12+ (@ (3x)+@ 0 QPG
+152) (3x) + ) +1(3x)°

5. (a) Usingthe formulalikﬂ At evaluate each of the following.
M (;) G (;
(b) Hence, writ n a relationship connecting (g) and (:)

(c) Draw %gP(scal’s Triangle forn = 0,1, 2, 3, 4 and 5, circle the locations of(g) and (Z) as n goes

w
&

Binomial Theorem
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(a)
(b)
(o]
(d)

(a)
(b)
(c)

Find, in ascending powers of u, the first three terms in the expansion of (3 — u)®.
Use the expansion to estimate the value of (2.98)8.
Find, to three decimal places, the value of (2.98)% using a calculator.

To how many decimal places is the estimated value in (b) corrected to when
compared with the value in (c)?

Find, in descending powers of t, the first four terms in the expansion of (> + 2)%
Find the term in 2 in the expansion of (1 — %)(t2 +2).
Find the coefficient of ® in the expansion of (1 — %)(t2 +2)".

The first four terms in the expansion of (2x — }‘)9 are 512x° — 576x% + px" 4 gx*'+....

(a)
(b)

Find the values of p and q.
Calculate the coefficient of x° in the expansion of (4x + L)(2x = 41)".

The expansion of (3 + kx)°, where k is a non-zero integer, is a polynomial in x.

The coefficients of x* and x* are equal. Find the value of k.

Finance. David put $500 in a savings accountithat offers 5% compound interest
per annum for 10 years. The exact amount in David’s account at the end of 10 years
is $500 x 1.05',

(a)

(b)
(c)

(d)

Using the first two terms of theiexpansion of (1 + x)'°, approximate the value

of 1.05".

Find an approximation to the exact amount in David’s account at the end of 10 years.
Itis given that the.Error in the Amount = Actual Amount — Approximate Amount.
Calculate the erkorin the amount when the approximated amount is used.

The relative erroris calculated by taking the error divided by the actual amount.
Calculate theyrelative error in the amount, correct to one decimal place when the
approximated amount is used.




